We investigate the scale-free property of an agent-based macroeconomic model initially proposed by Wright (2005) , called the Social Architecture (SA) model. The SA model has been shown to be able to replicate a number of important features of a macroeconomy, such as patterns concerning economic growth, business cycles, industrial dynamics and income distribution. We explore whether macroeconomic stylized features resulting from this model are robust when the number of agents populating the (model) economy vary. We simulate the model by systematically varying the agent population with 100, 500, 1000, 2,000, 4,000, 8,000 and 10,000 agents. Our results indicate that the SA model does exhibit significant size effects for several important variables.
size effect, we can also gain further insights into the interaction schemes employed in the model. Third, size may also matter in the real-world: for instance, the behavior of small economies can be fundamentally different from that of large economies due to size sensitivity. If so, it is desirable to identify stable, scale-independent macroeconomic properties, which can help facilitate meaningful discussions about experimental policy interventions in agent-based environments. More importantly, they can help to choose a canonical model from different candidate explanations.
The rest of the paper is organized as follows. Section 2 provides a brief overview of the Wright model, mainly, [13] . Section 3 articulates the design of the simulation, including the time structure (the time flow) of the simulation run in this paper and the parameters applied in this paper. Section 4 presents the simulation results 3 as well as an examination of the size effect, followed by a discussion and conclusion in Section 5.
An Overview of the Wright Model

The Modeling Principle
In the Wright model, all micro decisions are essentially random, and agents' behavior is modeled based on the EM principle. The model can be regarded as an extension of the Gode-Sunder model in the double auction market ( [7] ) to a circular-flow macroeconomic model. In the Gode-Sunder model, each agent needs to make only one decision at a time, either to bid or to ask, and the EM principle is applied to this single decision. Whereas in the circular-flow model agents need to make a few more decisions along the flow, and the EM principle is applied to all these decisions. Figure 1 outlines a simple circular flow. There are two types of agents, households and firms and there are two markets, a labor market and a goods market. There is neither a public sector nor a financial sector; hence the financial market does not exist in this simple circular flow. The household sector is composed of N agents (N single-head households). These N agents also constitute the labor market as employers (firms, the single-owner firms), employees and some who are unemployed. The products will be sold to households in the goods market. There are basically two flows that run in the reverse direction. The inside circle represents the flow of labor, products and real consumption, and the outside circle depicts the flow of wage payments, expenditures, and firm revenues.
The circular flow can be completed in many different ways. Here, we follow Wright's sequence, i.e., goods market → labor market → goods market.
We begin with the goods market, and there is money flowing from households (expenditures) to firms (revenues). We then end up with the labor market, and there is a flow of money from firms (revenues) to households (wages). To be brief, we call this sequence GM → LM → GM.
However, from the flow as shown above, it is not clear who can buy from whom and who can hire whom. For this purpose, we incorporate a labor-market mechanism that matches at the beginning of the flow, i.e.,
The decisions involved over the entire flow include where to work, whether to start (close) a firm, how much to consume, where to consume, how many employees to hire (fire), whom to hire, and what wages to pay. There are a maximum of nine decisions in one single flow. Of course, not all of them will be encountered in a single run; different agents may encounter different decision problems, depending on each agent's status as an employer, employee or simply unemployed. The upshot is that, except for the closing, the firing, and the hiring decisions that are deterministic and which are dependent on the firm's working capital, the other six decisions are all based on the EM principle.
Agents and Network
We shall begin with a labor market network. We follow the notations frequently used in the network literature. Let (i, j) be a link connecting agents i and j, indicating that agent i is hired by agent j. Since (i, j) is not the same as (j, i), the labor market network considered here is directed. Let g(t) be the labor market network at time t, which is a collection of all employee-employer relations.
where N is the set of all agents, and the cardinality of N is N. Then the agent i who has a connection in the labor market can be either an employee or an employer and agent i who has no connection in the labor market is considered to be unemployed. Equation (1) already excludes the case of being self-employed, but we further assume that each agent can have at most one job, i.e., one employer. We also exclude the possibility each agent can be an employee and an employer simultaneously; hence, for agent i,
In other words, the network can be viewed as a bipartite graph at any given time. 4 Each employer can, however, have many employees, and the set of his employees (connections) at time t, g i (t) is denoted by
As for agent i who is not an employer, he is either an employee, i.e., ∃j, (i, j) ∈ g(t), or unemployed, g i (t) = ∅. To simplify these expressions, we use g i (t) = {j} (j ∈ g i (t)) if agent i is an employer at time t, similarly g i (t) = j if agent i is an employee, and g i (t) = 0, if agent i is unemployed at time t. The collection of employers (firms), employees, and the unemployed at time t will be denoted by F(t), L(t), and U(t). Clearly,
Behavioral Rules in the Flow of the Economy
The economy proceeds in a way that is parallel to the circular flow, shown in Figure 1 . We run this cycle for many iterations. At time t, we begin by randomly selecting an agent from the set of agents N, and call him agent a. Agent a can be an employer (a ∈ F(t − 1)), an employee (a ∈ L(t − 1)), or unemployed (a ∈ U(t − 1)). Regardless of his current status, agent a will go through the economy along the sequence L Matches → GM → LM and make decisions for those circumstances which fit his status.
Labor Market Matches
The sequence starts with the labor market matching. If a ∈ U(t − 1), then the following action applies. Agent a enters the labor market and is randomly matched to an agent j (j ∈ F(t − 1) ∪ U(t − 1), j = a) with the following probability:
where m i (t) is the money holding of agent i at time t. Equation (3) implies that it is more likely for the unemployed agent a to find a job in firms which are economically more successful and have accumulated more working capital (m k ). This is similar to the preferential attachment mechanism used to generate the scale-free network ( [1] ). Notice that Equation (3) does not exclude the possibility that an agent a can be recruited by another unemployed agent j. In the latter case, a new firm is formed. The search (match) is one-shot, and its success is primarily determined by the affordability of agent j, i.e., Equation (4) .
wherew is a reference wage of the labor market, to be detailed in Equation (13) .
Goods Market: Expenditures After the labor market matching, the flow proceeds to the goods market. An agent j randomly selected from N/{a} enters the goods market. The total consumption of agent j at time t, C j (t), is randomly determined, following a uniform distribution.
His consumption C j (t) will be attributed to the market value of products. Let V(t) be the pool of the market value which has been accumulated up to t − 1, i.e., the market value which has not been distributed. Then
Goods Market: Revenues From the circular flow (Figure 1 ), the money in the market value (expenditure) pool, V(t), will be distributed to the firms. This distribution mechanism is also random and is inclined towards the big firm. First, if agent a is not unemployed (a / ∈ U(t)), revenue is uniformly sampled from the market value pool, i.e.,
Second, this revenue will be attributed to a firm in the following manner.
After the money transfer, the pool of market value will also updated accordingly.
Labor Market: Employment and Wages As per the circular flow, after the market value has been distributed to firms as their revenues, the transfer of this revenue to labor income or wages follows. If the randomly selected actor a is an employer (a ∈ F(t − 1)), then he has to make two decisions in this stage: on employment and wages. The employment decision concerns the adjustment of the labor demand. The employer a will decide the number of workers he can afford, based on the reference wagew and his current money holdings. Let u a (t)
be the number of workers that employer a has to lay off. Then the demand for labor is given by Equation (10) .
where | g a (t − 1) | denotes the number of workers hired by employer a at time t − 1; x is the greatest integer that is less than or equal to x. m a (t) w , therefore, is the affordable demand for labor, and subtracting it from | g a (t − 1) | gives the number of layoffs. The layoffs will be randomly selected from g a (t − 1). Notice that the sup operator, max, is imposed; hence the labor demand can only be adjusted downward, and not upward. In the worst case, firm a may fire all its workers. If that happens, the status of agent a will change from that of an employer (g a (t − 1) = {j}), to unemployed (g a (t) = 0). The status of all those who are fired also needs to be updated as well. Let the set U a (t) be the set of agents who are fired by firm a, then
After the employment decision, if
then the remaining workers, i ∈ g a (t), will be paid their wages according to the following random mechanism:
where m a (t i ) is the money holdings of firm a upon the moment of paying wages to employee i, and w L and w H are the floor and the ceiling of the wage range for the employee. When firm a's money holdings are sufficient to cover the upper bound of this range, Equation (12) states that the wage will be randomly determined according to the uniform distribution U[w L , w H ]. The reference wagew which we use in this paper is in fact the midpoint of this range, i.e.,
Nonetheless, upon the moment of paying wages to employee i, if employer a finds that his money holdings are less than the threshold w H , the wage will be uniformly randomly determined from 0 to the firm's maximum affordability, m a (t i ). After paying all wages to his employees, the money holdings of employer a will be updated again as follows:
and in the meantime
This then comes to the end of time t. For all other agents i who are not involved in any part of the circular flow, either as an unemployed worker, an employer, an employee or a consumer, his money holding will remain unchanged, namely, m i (t − 1) = m i (t). The state of the economy at time t, S(t), can be summarized as a collection of triplets:
To sum up, Wright's agent-based model of the circular flow can be perceived as a 'relay race'. Each 'runner' (agent) is randomly sampled from N with replacement. When one runner, at time t, 'runs through' the flow, the next runner, at time t + 1, takes the baton, and does the next run through. This cycle will be repeated for a sufficiently large number of times so that almost all agents have been introduced to the economy at least once (on average) within a given length of time, say, a day, a week, or a month. Then the clock moves to the next day, week, or month, and so on.
Simulation Design
In our simulation, we have running time in ticks (the tick data), loops of ticks (the monthly data), and loops of loops (yearly data). Each tick t represents one iteration, which corresponds to the time interval [t, t − 1) and also to one round of the sequence L Matches → GM → LM. The iterations will be repeated N (i.e., the number of agents) times and this together forms one loop (a duration of one month) of simulations. By setting the number of iterations as N, we ensure that each agent, on average, will be sampled once per month. The entire simulation is run for a number of 'years'. The notation X(t yr mo ) indicates the variable A at the t th iteration of the month mo of year yr. In this paper, t = 1, . . . , N, mo = 1, . . . , 12, yr = 1, . . . , 100. In this setting, our time scale and duration of the simulation is entirely consistent with [13] .
In this article, instead of merely replicating Wright's model, we alter the size of the population, N, for the purpose of examining the possible size effects, in general. Therefore, in some cases we do not have an a priori assumption concerning distributions as Wright would have had. For example, we do not assume a priori that the GDP growth rate follows a Laplace distribution. Instead, we examine whether the distributions are sensitive to size. We consider 100, 500, 1,000, 2,000, 4,000, 8,000, 10,000 agents (Table 1) . To focus on the size effect alone, we keep the money holding per capita fixed throughout all simulations at 100, which is independent of the size of population. 5 We repeat the simulations 100 times for each size variation. We also compare the resulting distribution of these estimates using appropriate statistical tests. Table 1 gives a summary of the values of the control parameters used to run the simulation of this paper. The results reported in this paper are all obtained from MATLAB. We collect monthly data on different variables during the course of the simulation and group them together in frequencies (monthly, yearly) along the same lines as Wright (2005) . The variables (data) and their different frequencies are defined as follows. Examining the distributions for each of these variables and their respective conformity with the observed stylized facts is in itself an interesting task. However, for this paper, we focus exclusively on the size effects of the SA model and not on their degree of conformity with actual stylized facts. We examine whether economies of different size (N) will generate different distributions for each of the macroeconomic variables. Since the underlying data generating process as specified by the entropy-maximizing model is stochastic, to obtain statistical reliability for the simulation results, for each treatment we run trials 100 times (Table 1) . Therefore, for each variable, we obtain 100 ensembles and our analysis of the size effect is then based on a comparison across these 100 ensembles.
-Monthly observations
Since we are comparing different distributions and variables with different frequencies, we need to choose a representative distribution for each treatment, so that we perform comparisons across treatments. Once we fix the relevant period that we wish to consider for each variable, we pool the data across repeated simulations (100 of them) for each treatment. For this purpose, we consider the last few periods for each variable under the assumption that their distributions stabilize over the course of the simulation 7 . Table 2 provides a summary of the variables, data type used, duration of the data and the statistical test employed. We then compare the representative distributions across treatments to examine the size effects. Although some of our results in the replications may not fully confirm with what Wright has demonstrated, especially with regard to replicating specific aggregate distributions, we believe that our simulation is faithful to his protocol. This exercise can, in its own right, be considered as an independent study that investigates the size effects in a Wright-like model.
Simulation Results and Discussion
From our simulation of the Wright model, we find that the resulting distributions of several macroeconomic variables seem to be size dependent. We use the Kolmogorov-Smirnov test, a non-parametric test, to compare different distributions across treatments. When we compare means across different distributions, we use the Wilcoxon rank sum test. The rank sum test is less sensitive to outliers compared to the two-sample t-test. Although our sample size is big enough to use the t-test, our data appear to have heterogeneous variances and therefore the Wilcoxon rank sum test is more appropriate. Table 3 presents the results of the statistical tests that compare the distributions for different sizes. We use 1% as the significance level and each cell in the table reports the result of the pairwise comparison of the distribution of macroeconomic variables across different sizes, evaluated using an appropriate statistical test 8 . The null hypothesis of the Wilcoxon rank sum test is that the two samples have identical medians and the null hypothesis of the K-S test is that the two distributions are identical. The check mark indicates that the null hypothesis is rejected for that cell, which lends support for the existence of the size effect. From Table 3 , it is clear that most variables seem to exhibit size effects. The only exceptions are the worker ratios, the duration of the recession (k), and firm growth distributions. The latter two seem to exhibit size effects for some ranges but are not consistent over all sizes. The table indicates the results of the pairwise comparisons of variables across different size treatments. The Wilcoxon Rank Sum test has been used to test the size effects of the respective variables and significance levels are based on 2-tailed tests. The rest of the variables are compared using the Kolmogorov-Smirnov test.
indicates that the distribution is significantly different between the two corresponding treatments.
For variables involving class ratios such as the capitalist ratio, unemployment ratio, and worker ratio, we do observe a size effect. For the capitalist ratio, there is a trend of a declining mean (and the variance of this mean) as the size of the economy increases. For the unemployment ratio, the trend is the opposite and the mean ratio increases with size. There is no discernible trend in the worker's ratio, except for the fact that they are significantly different across sizes of the economy. The firm demise ratio exhibits a roughly declining trend when the size increases from a small value to a medium one. However, with over 4,000 agents the size effects seem to disappear. The wealth distribution is analysed across treatments by comparing the mean Gini co-efficients for the last 10 years (pooled for 100 repetitions) across different treatments. We find that the wealth distribution does exhibit size effects, but ceases to exist once the economy becomes large, indicating that the inequality tends to stabilize.
The distribution of yearly GDP growth rates evaluated using K-S tests indicates that there are significant size effects across treatments. The wage share distribution also indicates that there are significant size effects across treatments. Note that although the results of the K-S tests suggest that there are significant differences between the treatments, it is hard to conclude whether these differences are related only to the magnitude, or to the distribution, or to both.
The duration of the recession is calculated in retrospect after the simulation has been completed for 100 years. This variable by and large does not seem to exhibit size effects except for one or two cases. The firm growth distributions are examined for two different definitions of growth -in terms of sales and employment. In both cases, there are size effects, albeit for different, limited ranges. As for the employment-oriented definition, size effects are more evident. The rate of profit displays size effects, except in smaller economies. Firm size distribution, on the other hand, exhibits very clear size effects. Figure 4 illustrates the normalized firm size distributions for different agent size specifications. Figure 3 demonstrates four aggregate variables that have demonstrated sizeeffects (for the median) throughout different treatments. The medians of the capitalist and unemployment ratios exhibit a decreasing and increasing trend with an increase in the size of the population, leaving worker ratios relatively static. The firm demise ratios exhibit a mild decreasing trend, although the magnitudes are negligible. The Gini coefficients of wealth distribution also exhibit a slightly increasing trend. One noticeable feature is that the variance (or the range of the data) decreases as the population of agents increases. We find that the smaller economies tend to have higher variances for the above specified variables and this could be because these variables are expressed in terms of ratios.
Some remarks are in order. When the K-S test does not reject the null hypothesis, we can be confident that both the distribution and the magnitude have no significance. However, in cases where the K-S test does reject the null hypothesis, we need to be more cautious about the conclusions that we draw. Consider two treatments resulting in different distributions, but with almost the same means. According to the K-S test, it is only suggested that one treatment makes the distribution more diverse or skewed.
Conclusion
We have examined the scale-free property of an agent-based macroeconomic model initially proposed by [13] . We find that many variables used in the model exhibit size effects. The issue of a size effect is more intricate than what we had expected. Some variables, especially those expressed in ratios, tend to stabilize with the systematic increase in the number of agents in our simulations, with a reduction in the spread of the means of these ratios. If such a stablization underpins a model, then it certainly becomes important to pay attention to size specifications. It is also worth mentioning that our mode of investigation may not be the only rigorous way of testing this size effect conjecture. We have adopted this approach to remain close to the analysis performed by Wright and to do so in the most intuitive way possible. Further research is required on this front. The figures demonstrate the log-log plot of firm size distribution after normalizing it for the size of the economy since the absolute size of firms in the larger economy will be naturally bigger. The plots of smaller economies are visibly different from those of the larger economies.
Although we find some initial evidence supporting size effects in this paper, further analysis is needed to unearth the possible mechanisms that make size a decisive variable. The appearance of the size effect for different variables may have unique causes for each of them and our interest, as a first step, has been to unearth common structures which generate this possibility. A comprehensive examination of the 'general' cause for the size effect requires an approach similar to 'big data analysis', which is beyond the scope of this paper. Our initial investigation can be seen as a first step to highlight the potential that underlies agent-based models to examine the possible roles of size in the macroeconomy.
